ABSTRACT An estimating method, which conveniently and quickly predicts solutions of constraint parameter A in J-A two-parameter approach of elastic-plastic fracture mechanics (EPFM), was developed and successfully applied on three-dimensional (3D) cracked structures under both uniaxial and biaxial loading condition. The method (estimate formula) for A value estimate was developed theoretically first. Then, based on the obtained numerical solutions of parameter A from finite element analysis (FEA), the coefficient values of the proposed estimate formula were determined for 3D single edge cracked plate (SECP) structures under both uniaxial and biaxial loading, to estimate solutions of parameter A for 3D SECP. Through comparing predicted parameter A values with their FEA numerical solutions from authors and other researchers, it is validated that the proposed estimating method can be used well to predict A values for thin 3D cracked structures. It enables the application of the EPFM J-A two-parameter approach on practical engineering structure analysis and design of sensor and other mechanical systems.
Several two-parameter approaches for the elastic-plastic crack-tip fields have been proposed to overcome the limitation of one-parameter J -based approach. Betegon and Hancock [10] , as well as Al-Ani and Hancock [11] extended K-T two-parameter approach (suggested by Williams [12] ) from elastic materials to elastic-plastic materials, i.e. J-T approach. O'Dowd and Shih [13] , [14] proposed the J-Q two-parameter approach with a dimensionless constraint (second) parameter Q. Later, Yang et al. [15] proposed the J-A 2 two-parameter approach, in which, J -integral and a second fracture parameter A 2 are included in a three-term expansion of crack-tip fields. Constraint parameter A 2 is the dimensionless amplitude of the second order term of the expansion. Based on it, a similar three-term expansion in another format (called J-A approach) was derived by Nikishkov et al. [16] , [17] , in which the magnitude of the second term in the expansion is denoted as A. The constraint parameter A is a different normalizing form of the term A 2 .
Researchers have shown that, these two-parameter approaches (J-T, J-Q and J-A 2 (A)) can provide effective characterization of elastic-plastic crack-tip fields in a variety of external loading conditions and crack geometry configurations, for both two-dimensional (2D) and three-dimensional (3D) models (see reference [11] , [14] , [18] , [15] , [17] , [19] and [20] for examples).
To effectively apply developed EPFM two-parameter approaches, it is imperative to determine the values of two fracture parameters, J -integral and constraint parameter (T -stress, Q, or A 2 (A)), for cracked components under consideration.
In the early developing stage of the EPFM, solutions of J -integral had been well established (e.g. the [21] ). Following the development of two-parameter approaches, significant research efforts are made in obtaining the solutions of constraint parameters. For linear elastic constraint parameter T -stress, its numerical and analytical solutions for both 2D and 3D cracked geometries have been well developed, see papers of Kfouri [22] , Toshio and Parks [23] , Wang [24] , Wang and Yu [25] , Yu et al. [26] , as well as Bach and Wang [27] for examples.
However, for the elastic-plastic constraint parameters (Q and A 2 (A)), they depend on the material hardening characteristics, specimen/crack geometry and external loading conditions because of dealing with material nonlinearity. Their solutions have not been well established yet, particularly for 3D cracked structure models.
Basically, the value of constraint parameter Q or A 2 (A) can be numerically determined through their original definitions. Currently, there are many numerical methods or approaches that could be applied for numerical analysis of fracture mechanics, for example, finite element method (FEM), extended finite element method [28] [29] [30] , boundary element method [31] , [32] , meshless method [33] [34] [35] [36] , strong discontinuity embedded approach [37] [38] [39] and explicit phase field model [40] , etc. The researchers for two-parameter approaches currently are used to determining value of constraint parameter Q or A 2 (A) numerically based on finite element analysis (FEA) results [13] , [15] , [17] .
Even so, for a wide range of loading, geometric and material properties, determining solutions of constraint parameter Q and A 2 (A) through numerical methods is a time-consuming job, and therefore is not appropriate for extensive theoretical investigation and practical engineering application [14] e.g. structure analysis and design of sensor and other mechanical systems.
Based on 2D plain strain status, O'Dowd [41] suggested an empirical formula to predict Q values conveniently from small-scale yielding (SSL) to large-scale yielding (LSY) condition. Even though, available solutions for parameter Q are still much limited, for whether 2D or 3D cracked models (or structures). Also based on 2D plain strain theoretical models, authors proposed three sets of estimate methodologies (principles) to determine constraint parameter A conveniently and quickly, i.e. curve shape similarity estimate, T -stress-based estimate, and estimate based on A fully plastic solutions [42] , [43] . In addition, authors proved [42] that, theoretically, in 2D crack cases, obtained constraint parameter A solutions can be utilized to predict constraint parameters Q and A 2 , through their relationships between the parameter A, respectively.
Developed three methods for predicting constraint parameter A values of 2D theoretical cracked models have been successfully applied in 2D cracked specimens, see authors previous reports [42] , [43] . Even so, the method for constraint parameter A estimation in 3D cracked models is still not available, which is quite significant for the practical application on engineering structures.
In fact, up to now, most of elastic-plastic fracture mechanics investigations based on two-parameter approaches (J-T, J-Q or J-A 2 (A) approach) are focused on 2D plane strain theoretical models. While a real cracked engineering structure of sensor and other mechanical systems is generally three-dimensional (3D), see [44] and [45] for examples.
The difficulty of 3D crack problems lies in the 3D characteristics of the stress and strain fields at the crack front. Furthermore, the fracture mechanism of 3D cracks is more complex than that of 2D crack models. For 2D (plane strain or plane stress) cracked models, only in-plane constraints near the crack-tip need to be considered. Whereas a real 3D cracked structure has both in-plane (perpendicular to the 3D crack-front, the x-y plane in Fig. 1 ) and out-of-plane (parallel to the 3D crack-front, they-z plane in Fig. 1 ) constraints at the crack front. Therefore, the fracture constraints in 3D crack structures may be quite different from 2D theoretical models. For example, the thickness variation of 3D cracked specimens will have an effect on the constraint characters (out-of-plane constraint) of 3D crack-front.
In the current work, a method for the fracture mode I will be developed to predict solutions of constraint parameter A in 3D cracked models based on the curve shape similarity principle, to enable the application of J-A two-parameter approach to 3D crack models and practical engineering cracked structures of sensor and other mechanical systems.
To validate it, the developed method (formula system) will be applied to 3D thin single edge cracked plate (SECP) structures, which well simulates the thin metal plates usually used for sensor structures. The 3D SECP specimens investigated in this work is set with a fixed thin thickness (1/10 of the specimen width).
Section II of this article introduces related theoretical background. An estimating method (with formula system) is theoretically developed in section III to predict constraint parameter A solutions for 3D cracked models and practical engineering structures. In section IV, with the numerical solutions of constraint parameter A obtained through finite element analysis (FEA), the developed A value estimate method is applied to 3D SECP specimens successfully, under both uniaxial and biaxial loading condition. The application results are discussed, and the developed 3D estimate method is validated. Concluding remarks are presented in section V.
II. THEORETICAL BACKGROUND A. J-A TWO-PARAMETER APPROACH
The J-A 2 approach was first proposed by Yang et al. [15] , which is based on a three-term asymptotic expansion only controlled by two fracture parameters: J and A 2 .
Nikishkov et al. [16] , [17] derived a similar series expansion. They use term A to denote the second parameter (constraint parameter), which is, in fact, a different normalized form of A 2 in the J-A 2 approach. Therefore, the term ''J-A approach'' is used instead of ''J-A 2 approach'', with together the corresponding formula expressions and variable terminologies proposed by Nikishkov et al. [16] , [17] . In the current work, the J-A approach is utilized.
Following the formula expressions and the variable terminologies used by Nikishkov et al. [16] , [17] , three-term asymptotic solution for stress fields near the crack tip of elastic-plastic material can be written as (when hardening exponent n ≥3):
where dimensionless radiusr is defined asr = r/(J /σ 0 ),J is the J -integral with the unit J /m 2 ; power t is an eigenvalue depending on hardening exponent n; power s=-1/(n+1); σ 0 is the yield stress with the common stress unit Pa; σ ij (θ ) are stress components, σ r , σ θ or σ rθ , in the polar coordinate system with origin at the crack tip;σ (0) ij (θ),σ (1) ij (θ ), and σ (2) ij (θ ) are normalized (dimensionless) angular functions. In the expression of dimensionless amplitude A 0 , A 0 = (αε 0 I n ) −1/(n+1) , ε 0 is the yield strain, α is a dimensionless material coefficient,I n is a dimensionless scaling integral only depending on the dimensionless material hardening exponent n, see the papers of Hutchinson [2] as well as Rice and Rosengren [3] for more details. Nikishkov [16] developed a computational algorithm to determine the values of scaling integral I n , asymptotic power t and normalized angular functionsσ (0) ij (θ ),σ (1) ij (θ ), andσ (2) ij (θ ).
B. NUMERICAL DETERMINATION OF CONSTRAINT PARAMETER A
The Eq. (1) could be used to determine crack-tip stress fields of cracked structures, once the solutions of J -integral and second parameter A are obtained. The determining methods for J -integral have been well developed and reported in the literature. However, the ways to obtain values of constraint parameter A are still quite scarce, whether analytical or numerical ones. Even though, a numerical method suggested by Nikishkov et al. [17] , fitting method, could be used to determine parameter A values based on finite element analysis (FEA) results. The proposed method is utilized here to obtain numerical solutions of constraint parameter A for the development and validation of parameter A estimate method for 3D crack models.
Using finite element data in the region which is significant for the fracture process, the fitting method proposed by Nikishkov et al. [17] finds the values of parameter A through fitting the expression (1) . For the i th point, Eq. (1) could be expressed as:
and 
and
where a, b, c and d are dimensionless equation coefficients; w i is the weight for the i th point. One can set the weights for the points to be proportional to the area that is represented by this fitting point. Through solving Eq. (4), numerical solutions of the constraint parameter A could be determined.
C. METHODOLOGY FOR CONSTRAINT PARAMETER A ESTIMATE
For a wide range of loading, geometric and material properties, determining constraint parameter A numerically becomes time-consuming work. Therefore, it is not appropriate for extensive theoretical investigation and practical engineering application of the EPFM J-A two-parameter approach [14] , e.g. structure analysis and design of sensor systems.
To obtain constraint parameter A values of a cracked structure conveniently and quickly, for 2D (plane strain) theoretical cracked models, authors have developed three sets of estimate methodologies for parameter A solutions, curve shape similarity estimate, T -stress-based estimate and estimate based on fully plastic A solutions [42] , [43] . To enable J-A two-parameter approach being applied to 3D crack models and practical engineering structures, in the current investigation, an estimate method (formula system) of parameter A values will be developed for 3D crack models based on the curve shape similarity principle.
The shape similarity phenomenon of parameter A curves is first found by Nikishkov et al. [17] . Finite element analysis for several 2D crack specimens was implemented in an investigation of Nikishkov et al. [17] . Through observing the obtained FEA results for parameters A, they found a phenomenon: for various values of hardening exponent n, their curves of parameters A values vs. external loading ratio σ/σ L (remote load normalized by limit load σ L ) are similar in shape (similarity), and only differ from each other by some constants. The constants are in fact the parameter A values under zero load condition for various n values, which could be determined based on the small-scale yielding calculations. Figure 2 shows the curve shape similarity of constraint parameter A for a SECP specimen with α = 0.5, a/W = 0.2 obtained in the investigation of Nikishkov et al. [17] . In the figure, it could be found that all the curves of parameter A for n = 3, 4, 5, 7, 10 have an almost same shape, for each n value, which have different parameter A values under zero load condition. In their report, Nikishkov et al. [17] suggested that, based on this curve shape similarity, approximate formulae to predict the parameter A solutions for typical specimens could be developed.
According to the curve shape similarity suggested by Nikishkov et al. [17] , it can be said, for any particular specimen geometry, if the curves of A vs. σ/σ L for a value of material hardening exponent n have been obtained, they could be used to predict the curves of A vs. σ/σ L for other n values. Since, generally, the curves of A vs. σ/σ L for various n values have an almost same shape. Based on this principle, authors have developed an estimate method to predict parameter A values of 2D plane strain theoretical cracked models under both uniaxial [42] and biaxial [46] loading.
In current work, to enable the practical engineering structure analysis and design of sensor and other mechanical systems, the estimate method of parameter A for 3D cracked models and engineering structures will be developed. For 3D cracked models, values of limit load σ L are usually not available. The authors [46] have proved that, for 2D plane strain status, the curve shape similarity can also be observed for the cases of external loading ratios σ/σ 0 (i.e. remote load normalized by yield stress σ 0 ), same as those shown in Fig. 2 for σ/σ L .
For the cases of 2D plane strain status with external loading ratio σ/σ 0 , if the curves of A vs. σ/σ 0 for n = 10 have been obtained (for example), the curves for other n values could be obtained from such formulation conveniently, [17] demonstrated that parameter A solutions under zero load could be closely approximated by A values under SSY condition with enough low external loading. In the current case, the second term on the right of Eq. (6) presents the shape of the curve of A vs. σ/σ 0 for n = 10, which could be used to describe the curve shape for other n values.
In authors' previous investigations, it has been proved that the principle of shape similarity of parameter A curves (see Eq. (6)) could be utilized to develop estimate method of parameter A for 2D theoretical models not only under uniaxial loading [42] but also under biaxial loading [46] . Biaxial loading condition is more common in practical engineering structures of sensor and other mechanical systems.
D. THREE-DIMENSIONAL (3D) ASPECT
Almost all two-parameter approaches of elastic-plastic fracture mechanics (EPFM), including J-T, J-Q and J-A (A 2 ) approaches, are developed based on 2D plane strain condition. Correspondingly, up to now, most investigations of elastic plastic crack-tip (-front) fields based on J-T, J-Q or J-A (A 2 ) two-parameter approach are focused on plane (2D model) problems. However, cracks (flaws) in the practical engineering structures of sensor and other mechanical systems are usually three-dimensional (3D), whose stress (strain) status varies along the 3D crack front and generally deviates from the 2D plane conditions.
The difficulty of 3D crack issues lies in the 3D characteristics of the stress and strain fields at the crack-front of 3D crack structures. Furthermore, the fracture mechanism of 3D cracks is more complex than that of 2D ones. In 3D crack cases, both in-plane (planes perpendicular to the crack front, e.g. the x-y plane in Fig. 1 ) and out-of-plane (planes parallel to the crack front, e.g. the y-z plane in Fig. 1 ) condition will play important roles at the near-front fields. Therefore, for fracture mechanics analysis in 3D crack structures, not only the in-plane effects of loading and geometry but also those effects from out-of-plane should be considered.
Based on J-Q two-parameter approach, Shih et al. [47] argued that, when radius r (from crack tip point) approaches zero, the out-of-plane strain components in 3D fields, ε z , will be small comparing to the in-plane singular terms. The plane strain conditions should be still dominant. Therefore, it could be expected that 3D near-front crack fields converge to plane strain fields. On the other hand, because of the nature of 3D cracks, it is also expected that fracture parameters will not only depend on in-plane load and geometry conditions but also the conditions from out-of-plane. In their paper, Shih et al. [47] point out that full-scale 3D elasticplastic finite element analyses are required to validate this suggestion. As an example of the application for that suggestion, the J-Q characterization of Wang [48] about the 3D elastic-plastic crack-front field in surface cracked plates has verified the claim of Shih et al. [47] .
As for the J-A 2 (A) approach, some investigations of 3D cracked specimens through J-A 2 (A) approach have been found in the literature, for example, the reports by Nikishkov et al. [49] , Kim et al. [50] , Zhu et al. [51] and Kim et al. [52] . All of these researches on J-A 2 (A) approach of 3D crack-front fields are implemented based on the same method as that suggested by Shih et al. [47] for the J-Q approach of 3D crack-front fields.
For in-plane aspect, in brief, Nikishkov et al. [49] , Kim et al. [50] and Zhu et al. [51] concluded that, J-A (A 2 ) approach, which was developed based on 2D plane strain condition, could give a good description of stress/strain fields around 3D crack-front.
Based on results of finite element analyses (FEA), Kim et al. [50] and Zhu et al. [51] found two phenomena in the planes perpendicular to the 3D crack front (in-plane): (i) stress fields at near crack-front area are in plane strain state, while far area is dominated by plane stress state; (ii) through almost whole thickness of 3D model, in-plane stress fields at the crack front possess plane strain nature, expect the region near the model free surface, where plane stress status is dominant. In their papers, the two findings are demonstrated by iso-contours of effective stress and plane strain constraint parameter. In fact, the two phenomena verify the suggestion given by Shih et al. [47] about the 3D crack-front fields. Based on the two facts, Kim et al. [50] and Zhu et al. [51] therefore concluded that: J-A 2 approach, which is developed based on 2D plane strain condition, can effectively characterize 3D crack-front fields through the model thickness, except the region near the model free surface.
As for the out-of-plane aspect (they-z plane in Fig. 1 ), the investigations of Nikishkov et al. [49] , Kim et al. [50] , Zhu et al. [51] and Kim et al. [52] presented the monotonic variation of two fracture parameters, constraint parameter A (A 2 ) and load-related parameter J -integral, along crack-front curve of surface-cracked specimens or through specimen thickness of through-cracked specimens.
III. DEVELOPMENT OF ESTIMATE METHOD FOR CONSTRAINT PARAMETER A
Three estimate methods for constraint parameter A values, i.e. curve shape similarity estimate, T -stress-based estimate and fully plastic A solution estimate, have been developed in authors' previous works [42] , [43] . While, the J-A (A 2 ), J-T, and J-Q two-parameter approaches, which are utilized to develop the three estimate methods [42] , [43] , are all proposed based on plane strain condition. Therefore, all the three proposed estimate methods are in fact developed based on two-dimension (2D) plane strain condition.
However, the principles and methodologies, which are used to develop parameter A estimate methods for 2D plane strain theoretical models, could be expected to be also appropriate to the development of estimate method of parameter A value for 3D crack models and practical engineering structures of sensor and other mechanical systems.
As that illustrated in Section II [50] , [51] , in the planes perpendicular to the crack front (in-plane) of 3D crack model (refer Fig.1 ), stress/strain fields near crack-front area possess plane strain nature, while stress/strain fields in the area far from the crack-front are in the plane stress state. The previously suggested 2D estimate principles and methodologies for parameter A, therefore, should be able to be applied in the in-plane fields of 3D crack structures, since fracture mechanics research of cracks focuses on the near crack-front area only.
Furthermore, as that analyzed in Section II [50] , [51] , except the region near the 3D model free surface, the plane strain state at the near crack-front area of any plane is kept along the almost whole crack front of 3D specimens. It means, along almost whole 3D crack front (except planes near the free surface), in an arbitrary plane perpendicular to the crack front, the A values estimate principles used for 2D theoretical models should be applicable.
Generally, when endured external loading, the straight through cracks in 3D models and practical engineering structures always create and propagate in the middle planes instead of the ones near the free surface [50] . Therefore, the fracture mechanics analysis for 3D straight through crack models usually focuses on the middle planes instead of those near the free surface of models, which are in plane stress state.
As for the out-of-plane aspect (see Fig. 1 ) of 3D models, theoretically, the applicability of the A values estimate principles developed based on 2D state should be investigated in each different plane perpendicular to 3D model crackfront. However, some researchers [49] [50] [51] [52] have proved the monotonic variation of two fracture parameters, A (A 2 ) and Jintegral, through the specimen thickness of through-cracked specimens or along the crack-front curve of surface-cracked plates (see Section II).
According to the analysis in the above paragraphs, the 2D plane strain nature dominates in near-tip fields of an arbitrary plane perpendicular to 3D model crack fronts. Meanwhile, with a monotonic variation, this status is kept in any plane along almost whole 3D crack front, except the ones near the specimen free surface. Therefore, for a 3D throughcracked structure, one can conclude that, the principles and procedures used for the development of estimate methods of parameter A value for 2D theoretical models could be utilized in any specified plane through the 3D structure thickness, except the ones close to 3D model free surface.
In this section, for both uniaxial and biaxial loading condition, a method predicting constraint parameter A values in 3D cracked models and practical engineering structures will be developed based on curve shape similarity principle of parameter A and estimate procedure of parameter A for 2D theoretical models.
Regarding the curve shape similarity principle, for 2D plane strain status, solutions of constraint parameter A for an arbitrary value of material hardening exponent n can be predicted based on A numerical solutions for a specified n value through Eq. (6) (for load ratio σ/σ 0 ). According to the analysis in previous paragraphs, Eq. (6) could be used in almost any plane through the thickness of 3D crack models or practical engineering structures.
With the available numerical solutions of parameter A under SSY condition (A SSY (n)), the expression of the second term on Eq. (6) right side could be determined based on available parameter A numerical solutions, through a curve fitting procedure used by authors in [42] . In the curve fitting process, the expression of the second term on Eq. (6) right side is described specifically by several polynomials. The order numbers of the polynomials are determined by the number of crack geometrical cases (e.g. various crack depth) used in the fitting process. For example, if numerical solutions of parameter A for three kinds of crack length are used in the curve fitting process, the order numbers of the polynomials will be two, i.e. second-order polynomials.
Although, through the thickness of 3D cracked models, the curve shape similarity principle for 2D plane strain status could be used in almost any plane, coefficients in the second term expression on Eq. (6) right side should vary in different planes, i.e. depending on plane location (along the z axis, see Fig. 1 ). The reason is, the near crack front stress and strain fields are different each other in various planes perpendicular to the crack front.
Based on the above analysis, a method (a set of formula system), to predict values of constraint parameter A in 3D cracked models and practical engineering structures of sensor and other mechanical systems, could be derived from the 2D curve shape similarity principle (Eq. (6)):
where
Here, constant A SSY (n), which are the SSY numerical solutions of parameter A, are utilized to approximate the zero load solution of parameter A. As an example, the polynomials expressed in Eq. (8) , which describe the dimensionless coefficients di (z), in right side terms of Eq. (7), are presented as second-order ones. In Eq. (8), e ij (z) are dimensionless coefficients for the polynomials of di (z) .
The values of the coefficients, di (z) as well as e ij (z), are functions of z coordinate values, which describe the dependence of values of coefficients di (z) as well as e ij (z) on the plane location (z coordinate value) through the 3D model thickness. In any specified specimen plane, the values of coefficients e ij (z) are constants, which will be obtained in current work based on FEA results through a curve fitting procedure used in the authors' previous investigation [42] .
As that mentioned in previous paragraphs, to obtain the second-order polynomials for expressions of coefficients d 1 , d 2 and d 3 , FEA results of 3D cracked models for three various crack depth values are needed for the curve fitting procedure [42] . FEA results for more crack depth values are used in the fitting process, the higher order of polynomials for d 1 , d 2 and d 3 will be obtained, then the higher accuracy of prediction for parameter A.
In any specified plane through the 3D model thickness (except the ones near free surface), the 3D estimate method of parameter A developed here (Eq. (7) and (8)) should be applicable to both uniaxial and biaxial external loading conditions, since the 2D curve shape similarity principle (Eq. (6)) is appropriate for both of the two loading cases.
IV. APPLICATION OF DEVELOPED ESTIMATE METHOD AND RESULT DISCUSSION
3D single edge cracked plate (SECP) thin specimens could simulate the thin metal plates usually used for structures of sensor or other similar mechanical systems. In this section, developed estimate method of constraint parameter A for 3D models and practical engineering structures will be applied to 3D (SECP) thin specimens under both uniaxial and biaxial loading condition, to validate the suggested estimate method and present its application process. The application results will be compared, analysed and discussed.
To validate the developed estimate method, predicted values of constraint parameter A from the estimate method will be compared with their numerical solutions, which quite approximate the real values of parameter A. To determine the values of coefficients in the developed estimate method/formula (see Eq. (8)), meanwhile, to obtain the numerical solutions of parameter A, a numerical analysis procedure for 3D models need to be implemented. In the current work, the numerical analysis procedure will be carried out through the finite element method (FEM).
In Section IV (A), the finite element analysis (FEA) process for 3D SECP specimens will be illustrated. Based on the FEA results, the numerical solutions of parameter A could be determined. In Section IV (B), predicted values of parameter A for 3D SECP will be obtained through the suggested estimated method (formula, Eq. (7)), whose coefficient values (Eq. (8)) could be determined based on some of the FEA results given in Section IV (A). Analysis and discussion of application results will be implemented in Section IV (C).
A. FINITE ELEMENT ANALYSIS OF 3D SECP AND NUMERICAL SOLUTIONS OF PARAMETER A 1) MATERIAL MODEL OF FEA
The current analysis for 3D SECP specimen is an elasticplastic fracture mechanics (EPFM) problem. The material model used here is the deformation plasticity theory. The Ramberg-Osgood power-law strain hardening relation for 3D fields is available in the commercial finite element code ABAQUS [53] , which is utilized for the current finite element analysis (FEA) of 3D SECP. Based on the deformation plasticity theory, the stress-strain expression following the Ramberg-Osgood relation for uniaxial loading state is,
where yield stress σ 0 is related with yield strain ε 0 through ε 0 = σ 0 /E, E is Young's modulus (unit Pa); α is a dimensionless material coefficient; material hardening exponent n >1. In the current work, unit Pa is used with all stress variables. For the biaxial loading state investigated in the current work or other multi-axial loading states, Eq. (9) can be generalized as,
where σ ij and ε ij are stress and strain components respectively; ν is the Poisson ratio;. δ ij is the Kronecker delta; S ij denotes the deviatoric stress components; σ e = (3S ij S ij /2) 1/2 denotes the von Mises effective stress.
The following material properties are utilized for the current finite element analysis of 3D SECP specimens: yield stress σ 0 = 4.0e +8 Pa; elasticity modulus E = 2.0e +11 Pa; Poisson ratio ν = 0.3; material coefficient α = 1.0 and material hardening exponent n = 3, 5, and 10, which cover a wide range of both high and low strain hardening behaviors.
2) PROBLEM DEFINITION OF FEA
The 3D SECP analysis model is illustrated in Fig. 3 for geometry, coordinate systems, and loading condition, where biaxial load ratio λ is defined as λ = σ x /σ y in the x-y plane of the 3D model. In Fig. 3 , the loading (stress) applied on the specimen in the x direction, σ x , is expressed as λσ with the loading (stress) applied along the y axial (σ y ) set as σ .
The geometry of 3D SECP models is defined by the ratio of height to width, H /W , relative crack length, a/W , and the ratio of model thickness to width, t/W . For the current 3D SECP models, ratio H /W is set as 3.0 and ratio t/W as 0.1 with thickness t = 0.04064m. Models with various relative crack lengths a/W = 0.1, 0.3, 0.7 are investigated in the current work, which simulate several typical cracks from shallow to deep.
The remote load applied on the 3D SECP specimen, σ , is normalized by material yielding stress σ 0 . Two loading conditions, uniaxial loading (λ = 0.0) and biaxial one (λ = 1.0), are investigated for the current 3D SECP models. The large biaxial loading ratio, λ = 1.0, presents a typical biaxial loading condition, i.e. the external loads applied in x and y direction are same. 
3) MESHES OF FEA
Under both uniaxial and biaxial loading, finite element analysis (FEA) could be implemented for 3D SECP specimens to obtain numerical solutions of constraint parameter A.
Due to the geometric symmetry, the FEA meshes are created for only a quarter of 3D SECP structures (the area marked as 'Modeled Region' in Fig. 3 ) for FEA analysis, namely, a half of height and a half of thickness of the structure, see Fig. 3 and Fig. 4 .
In the FEA meshes (models), totally fourteen element layers are set through the thickness of 3D SECP specimen. The thickness of the first element lay is set small enough to close the middle plane of the 3D model. As for the other thirteen element layers, their thicknesses are varied according to the geometric progression. Meanwhile, the smallest size of element thickness is set in the element lay at the free surface of the 3D SECP model, see Fig. 4 .
4) IMPLEMENTATION OF FEA
To simulate load conditions applied on practical crack structures, finite element analysis for 3D SECP models could be carried out for both uniaxial and biaxial loading condition with remote tension loading increasing from small to large, namely, from small-scale yielding (SSY) to large-scale yielding (LSY) condition of the material.
In addition, according to the material and geometrical properties set above, the FEA process for 3D SECP models should be implemented with relative crack lengths a/W = 0.1, 0.3, and 0.7 respectively for material hardening exponent n = 3, 5, and 10. 
5) NUMERICAL SOLUTIONS OF CONSTRAINT PARAMETER A
Based on the obtained FEA results, numerical solutions of constraint parameter A for 3D SECP structures could be determined through the fitting method suggested by Nikishkov et al. [17] , i.e. Eq. (2)- (5), with remote tension loading (σ/σ 0 for current work) increasing from SSY to LSY.
FEA results and corresponding numerical solutions of parameter A vary with the variation of plane location through the thickness of the 3D SECP model (corresponding to the element lays of FEA meshes). In authors' previous work [54] , a similar 3D SECP finite element analysis was completed with the same material properties, loading, and geometrical models. FEA results were obtained for each plane (totally fourteen layers, with four planes in each layer) through the 3D model thickness.
In the current investigation, the developed 3D estimate method of parameter A value for practical engineering structures will be applied on 3D SECP specimens, in several specified planes through the model thickness. For this purpose, two specified planes are chosen as, the plane I, z/t = 1.4% and plane II, z/t = 27.1%, of model thickness, as shown in Fig. 4 . The FEA results for the plane I and II can be extracted from the previous FEA output database files [54] , with hardening exponent n = 3, 5, 10, relative crack lengths a/W = 0.1, 0.3, 0.7, and load ratio λ = 0.0, 1.0. Through the fitting method suggested by Nikishkov et al. [17] , i.e. Eqs. (2)- (5), numerical solutions of constraint parameter A in the plane I and II were obtained based on the FEA results. The parameter A numerical solutions from SSY simulation [54] , A SSY , are used here to approximate the parameter A values under zero load condition (σ/σ 0 = 0), see Table 1 .
In the fitting process, J -integral values were needed. J -integral values were determined through the domain integral method suggested by Moran and Shih [55] , which is available in the commercial code ABAQUS [53] . The FEA results of J -integral values which are calculated based on the third, fourth and fifth contour are extracted from ABAQUS result files. The arithmetic average of these three FEA values of J -integral is used as the finally-obtained J -integral value for current investigation.
As the examples, the variation of A numerical results through the 3D SECP thickness are presented here for both uniaxial (λ = 0.0) and biaxial (λ = 1.0) external loading, with relative crack lengths a/W = 0.3 and hardening exponent n = 5 under a lower (σ/σ 0 = 0.25) and a higher load level (σ/σ 0 = 0.55) [54] , respectively. Figure 5 illustrates the variations of the constraint level (parameter A) along the 3D crack front for both uniaxial and biaxial loading condition. The corresponding variations of load level (J -integral) along the crack front are presented in Fig. 6 .
In addition, obtained numerical solutions of constraint parameter A in planes I and II are shown in Figs. 7-12 (illustrated by the points) for both uniaxial and biaxial external loading. For a/W = 0.1, 0.3 and 0.7 respectively, Figs. 7-9 show the results with uniaxial load ratio λ = 0, and those for biaxial load ratio λ = 1.0 are illustrated in Figs. 10-12 .
Numerically determining solutions of constraint parameter A for 3D specimen through FEA is arduous work, especially, with the variation of different material properties, crack depths and load levels. It is more desirable to obtain parameter A solutions of 3D specimens conveniently and quickly through estimate methods. In the following section, based on the curve shape similarity principle, detailed formulas for parameter A estimate will be determined in two planes of 3D SECP, the plane I and II, respectively.
B. PREDICTION OF VALUES OF CONSTRAINT PARAMETER A
With the determined numerical solutions of parameter A in the plane I and II of 3D SECP model, the developed estimate method of parameter A for 3D crack models and practical engineering structures could be applied in the two planes to predict A values conveniently and quickly.
According to the developed estimate method for 3D crack models, in any specified plane through the model thickness, parameter A solutions for other arbitrary n value can be predicted through Eq. (7), based on numerical solutions of parameter A for a specified n value. In the current work, the numerical solutions of parameter A for n = 10 are chosen.
Based on the obtained numerical solutions of constraint parameter A of 3D SECP models for n = 10 with three crack depth values (a/W = 0.1, 0.3 and 0.7) (see Section IV (A)), the values of polynomial coefficients e ij (z) in Eq. (8) are determined in the plane I and II, through a curve fitting procedure used in the authors' previous investigation [42] . They are listed in Table 2 for uniaxial loading (λ = 0.0) and Table 3 for biaxial loading (λ = 1.0) condition, respectively. The values of constant A SSY (n) in Eq. (7), which are used to approximate the parameter A solutions under zero load, are already given in Table 1 .
Note here, all the coefficients in Eq. (7) and (8) are the functions of z values (axis in the thickness direction), since the solutions of parameter A vary depending on the plane location through the 3D model thickness. In addition, as the numerical solutions of parameter A used for the fitting With the value determination of e ij (z) and A SSY (n), solutions of constraint parameter A in 3D SECP specimens for some specified values of material hardening exponent n are estimated conveniently and quickly through Eq. (7) and (8) .
The predicted values of parameter A for n = 3, 5, 10 are illustrated in Figs. 7-9 and Figs. 10-12 for uniaxial loading (λ = 0.0) and biaxial loading (λ = 1.0) condition, respectively.
C. RESULT ANALYSIS AND DISCUSSION
Solutions of constraint parameter A for 3D SECP are estimated based on the developed estimate formulae (Eq. (7) and VOLUME 7, 2019 In addition, the estimated values of parameter A for 3D SECP are compared with their numerical solutions from other researchers' work. Nikishkov and Matvienko [56] completed a numerical analysis about the effect of varied specimen thickness on constraint parameter A. A comparison between the currently estimated A values and the numerical solutions from Nikishkov and Matvienko [56] is carried out. The comparing results are shown in Table 4 , where the values of coefficients e ij (z) for planes I (z/t = 1.4%) are utilized in Eq. (8) to predict A values in the middle planes of 3D models. The maximum difference in the comparison is 7.6133%.
Above predicting accuracy for constraint parameter A is obtained based on using FEA results for only three kinds of crack depth. As that discussed in Section III, FEA results for more crack depth values are used in the process to determine the expressions of coefficients d 1 , d 2 and d 3 of estimate formula, higher predicting accuracy of parameter A will be obtained. In the current application case, expressions of coefficients d 1 , d 2 and d 3 is determined based on three crack depth values only. Even though, the prediction accuracy is enough for practical engineering structure application in sensor and other similar mechanical systems.
Just like that mentioned in Section II, some researchers [49] [50] [51] [52] have proved the monotonic variation of two fracture parameters, constraint parameter A and load-related parameter J -integral, through the 3D specimen thickness. The FEA results for 3D SECP specimen obtained in authors' work [54] also show, except the planes near the free surface, the near crack-front fields (A and J ) in the planes Therefore, although only two planes (the plane I and II) are studied extensively here, it can be deduced that the applicability of developed 3D estimate method for parameter A remains in any plane through 3D structure thickness, except the planes near structure free surface. One can conclude that the developed 3D estimate method for constraint parameter A is appropriate for 3D crack models and practical engineering structures of sensor and other similar mechanical systems.
It has been found by authors [46] previously, for 2D theoretical models, the shape similarity of A vs. σ/σ 0 curves for various values of hardening exponent n will be reduced with the increase of biaxial loading ratio (λ) value. It induces a bit reduction of the predicting range of curve-shape-similaritybased estimate method [46] . Namely, under the large-scale yielding condition of some cases, in a small range of maximum applied external loading, the differences between predicted parameter A values from estimate method and their numerical solutions will be larger than 10%.
In the current work for 3D structures, it is found, even with the large value of biaxial loading ratio λ (λ = 1.0), the phenomenon of reduced curve similarity and decreased loading predicting range of parameter A almost does not occur, which will be an advantage of the currently proposed estimate method for 3D cracked models.
The fact can be explained based on a previous finding of authors in [54] , i.e. the change of λ values usually introduce smaller effect on the variation of constraint level for 3D cracked structures than on that for 2D (plane strain) ones, and then, smaller effect on the reduction of A curve similarity and predicting range correspondingly.
V. CONCLUSION
For 3D crack models and practical engineering cracked structures of sensor and other mechanical systems, the near crack-front fields in any plane through the model thickness are dominated by 2D plane strain state, except the planes near 3D structure free surfaces. With this fact, an estimate method of constraint parameter A for 3D models and practical engineering structures is developed in the current work based on 2D (plane strain) curve-shape-similarity principle and methodology, to obtain solutions of constraint parameter A of 3D models conveniently and effectively. It enables the application of EPFM J-A two-parameter approach to 3D crack models and practical engineering structures of sensor and other mechanical systems.
For the purpose of method application discussion and validation, developed estimate method is applied in two specified planes of 3D thin SECP specimens, which well simulates the thin metal plates usually used in a sensor structure. The two planes are chosen as: at a half and a quarter of 3D SECP model thickness, i.e. plane I and II.
With material hardening exponent n = 3, 5, 10 and relative crack depth a/W = 0.1, 0.3, 0.7, in the plane I and II of 3D SECP, predicted parameter A values from the suggested estimate method are compared with their numerical solutions from FEA results, under both uniaxial (λ = 0.0) and biaxial (λ = 1.0) loading condition. Good agreement is found for practical engineering structure applications of the proposed 3D estimate method of parameter A.
Furthermore, some researchers including authors have proved a monotonic variation of 3D crack-front fields in any plane through 3D structure thickness, except those closing structure free surface. Thus, based on the application in two specified planes of 3D models, it can be concluded that the developed estimate method works well for 3D thin SECP specimens. The validation of the proposed 3D estimate method for constraint parameter A is therefore given.
In addition, it is found that the value change of biaxial loading ratio λ introduces a smaller effect on the loading predicting range of developed 3D estimate method than on that of 2D ones. This fact benefits the suggested estimate method of constraint parameter A for 3D crack models and real engineering structures of sensor and other mechanical systems.
